Using depth of coherent sheaves on noetherian algebraic stacks, we construct nonAzumaya maximal orders in unramified central simple algebras over schemes of dimension at least 3.
Recall that an integral locally noetherian scheme X is Japanese if for every nonempty affine open Spec R ⊆ X the ring R is Japanese. A noetherian domain R with function field K is Japanese if for every finite field extension K ⊆ L the integral closure S of R in L is a finitely generated R-module. This condition holds for integral quasi-excellent schemes, and hence for almost all rings that one encounters in practice. Similarly, if X is quasi-excellent, then the regular locus of X is open, so that the existence of a regular point of codimension at least 3 can be determined by the codimension of the non-regular locus.
We use Yu's result [12] that every order over a Japanese scheme is contained in a maximal order, while the regular point hypothesis seems to be the easiest way to ensure that the endomorphism algebra of a non-locally free coherent sheaf is not Azumaya.
To prove the theorem, we will briefly develop some notions of depth and reflexivity for coherent sheaves on an algebra stack. These are straightforward generalizations of depth and reflexivity for schemes, but we do not know of a reference for what we need. An alternate route would be to take a more algebraic approach and describe depth for modules over Azumaya algebras. In any case, we prove a local depth criterion for reflexivity on algebraic stacks. Once in hand, this criterion will let us check that certain X-twisted coherent sheaves of global dimension 1 are in fact reflexive. Taking the endomorphism algebras of these modules produces the desired orders.
More specifically, we can assume that α is represented by an Azumaya algebra A that is a maximal order in A, for otherwise there already exists a non-Azumaya maximal order. We can also assume that X is the spectrum of a regular local ring of dimension at least 3. Indeed, any maximal order we construct over such a local ring will extend to a maximal order over the entire scheme under the hypothesis of the theorem. Then, A End(E), where E is an X-twisted locally free sheaf of rank n > 1 and X is a G mgerbe representing α. For general f, g ∈ A, we prove that the X-twisted sheaf F with presentation
is reflexive but not locally free. Indeed, since A is noncommutative we can take f, g locally noncommuting homomorphisms, but where the vanishing locus of ( f, g) has codimension 3 in X. Then, End(F) is an example of a non-Azumaya maximal order. This paper arose out of a desire to better understand the examples constructed by Antieau and Williams in [1] . They gave an example of a 6-dimensional smooth complex affine variety X and a Brauer class α ∈ Br(X) with the following properties: the class α is represented by a degree 2 division algebra D over the function field K, and no maximal order in D over X is Azumaya. The methods in [1] are topological in nature, and this paper is a first step in attempting to understand how to construct purely algebraic examples and to answer the question of whether this phenomenon can occur in dimension 3.
Remark 0.2. The theorem is false if deg(A) = 1. Indeed, if X is normal and A is a maximal order in K, then A is in particular reflexive, and hence normal by [6, Proposition 1.6] . This means that if U ⊆ X is an open subset with codim X (X − U) ≥ 2, then A(X) → A(U) is an isomorphism. Since there is such a U with A U Azumaya, we find that O X (U) → A(U) is an isomorphism for this choice of U, which implies that O X → A is an isomorphism.
In the final section of the paper, we return to the Auslander-Goldman result mentioned above, namely that all maximal orders in unramified central simple algebras on regular 2-dimensional schemes are Azumaya. We show that this property in fact characterizes regular integral 2-dimensional schemes. 
Two examples
The starting points of our investigation were the following two examples, showing that, at least in certain cases, Theorem 0.1 holds for regular noetherian schemes.
Consider the example of [1] . There is a smooth affine complex scheme X with dim(X) = 6 and a Brauer class α ∈ Br(X) such that there are no Azumaya maximal orders in the degree 2 division algebra over K representing α. On the other hand, by Yu [12] , there are maximal orders A in D, because X is normal and noetherian. By construction, these are not Azumaya. The non-Azumaya locus of such an order A in X is closed and has codimension at least 3. We can localize at a closed point in the nonAzumaya locus to obtain examples over regular noetherian local rings of dimension 6.
A more geometric example was explained to us by Max Lieblich. Let S be a smooth projective surface over an algebraically closed field k, and let S → S be a µ n -gerbe, where n is prime to the characteristic of k. The moduli space Tw(n, L, c) of semistable torsion-free S-twisted sheaves of rank n, determinant L, and second Chern class c is proper, and the open locus of locally free sheaves inside is properly contained in Tw(n, L, c) for c sufficiently large. It follows from the valuative criterion that there is a discrete valuation ring R and a map Spec R → Tw(n, L, c) sending to the generic point to the locally free locus and the closed point to the boundary. This classifies a torsionfree but non-locally free S-twisted sheaf E on X R , which one can check is reflexive using depth. Taking the endomorphism algebra End(E) yields a maximal order over the 3-dimensional scheme X R , which is non-Azumaya by [2, Theorem 4.4].
Local cohomology and depth on an algebraic stack
We begin by briefly recalling some preliminaries on algebraic stacks, and then we prove that the depth criterion for reflexivity [6, Proposition 1.6] holds in this setting. A good reference is the book of Laumon and Moret-Bailly [7] or, for another account, see [11] . The following definitions are either standard, or are obvious extensions of the schemetheoretic definitions pertaining to local cohomology which can be found, for example, in [5] . Definition 2.1. An algebraic stack over a base scheme S is a stack admitting a smooth atlas p : U → X, where U is a scheme and p is representable (in algebraic spaces), smooth and surjective, such that the diagonal morphism X → X × S X is representable. Definition 2.2. We say that X is locally noetherian if it has a smooth atlas p : U → X where U is locally noetherian.
Given an algebraic stack X, we study sheaves of O X -modules, which are by definition sheaves of O X -modules on the associated ringed site (X fppf , O X ).
* F is quasi-coherent. As usual, it is equivalent to ask for p * F to be quasicoherent where p : U → X is a smooth atlas. If X is locally noetherian, an O X -module F is coherent if p * F is coherent for some (and hence every) locally noetherian smooth atlas p : U → X.
Lemma 2.4 ([11, Tag 0781]). The abelian category QCoh(X) has enough injectives.
Now we can give the definitions of local cohomology and depth. Definition 2.5. Given a closed substack Z ⊆ X and a quasi-coherent sheaf on X, we define H 0 Z (F), the sheaf of sections with support in Z, as the quasi-coherent sheaf
The functor
Definition 2.6. The local cohomology functors with supports in Z are H i (−), the right derived functors of H 0 Z (−). These can also be defined by sheafifying the local cohomology functors restricted to affine schemes. Definition 2.7. The depth of F along Z is defined to be
We will only apply this definition to coherent sheaves.
It follows immediately from the definitions that we can compute depth on an atlas for X. The goal is eventually to relate depth to reflexivity, to introduce another notion of depth in the special case of gerbes, and to show that this secondary notion agrees with the definition just given. Definition 2.8. Let F be a coherent sheaf on a locally noetherian algebraic stack X. We say that F is reflexive if the natural map F → F ∨∨ is an isomorphism.
Just as the depth can be computed on an atlas p : U → X, reflexivity can also be checked on U. Definition 2.9.
1. An algebraic stack is irreducible if there is a smooth atlas p : U → X with U a disjoint union of integral schemes.
2. An algebraic stack X is reduced if U is reduced for some (and hence every) smooth atlas p : U → X.
3. An algebraic stack is integral if it is reduced and irreducible.
4. An algebraic stack is normal if U is normal for some (and hence every) smooth atlas p : U → X.
The definition of an irreducible stack is somewhat touchy. For example, another definition could be that the space of points of X with the Zariski topology, as defined in [7, Chapter 5] , is irreducible. However, it is probably not the case that such a stack admits a smooth atlas p : U → X with U irreducible. The definition we give suffices for the applications we have in mind below. Definition 2.10. A quasi-coherent sheaf F on an algebraic stack is torsion-free if p * F is torsion free for some (and hence every) smooth atlas p : U → X.
Recall that for a scheme U, a quasi-coherent sheaf G is torsion-free if the stalk G x is a torsion free O U,x -module for each point of U. If F is any coherent sheaf on a locally noetherian algebraic stack, then the dual sheaf F ∨ is torsion-free. Indeed, since this is true on noetherian local rings, it is true on X.
Lemma 2.11. If X is locally noetherian and reduced, then a coherent sheaf F is torsionfree if and only if F → F
∨∨ is injective.
Proof. As subsheaves of torsion-free sheaves are torsion-free, and since F ∨∨ is torsionfree, we see that the condition is sufficient. So, suppose that F is torsion-free. Then, p * F is torsion-free for some smooth atlas p : U → X. Since U is reduced, the canonical map p * F → p * F ∨∨ is an isomorphism when restricted to the scheme of generic points of U. In particular, the kernel of this map is a torsion submodule of p * F. 
Proof. If F is reflexive, it is torsion-free by Lemma 2.11. Hence, H 0 Z (F) = 0 for all proper closed substacks Z ⊆ X. Let p : U → X be a smooth atlas where U is a disjoint union of integral (normal, locally noetherian) schemes. By definition, Z ⊆ X has codim X Z ≥ 2, if codim U Z U ≥ 2, where Z U = U × X Z. Hence, since p * F is reflexive, the schematic version of the present proposition [6, Proposition
As p is faithfully flat, this shows that H 1 Z (F) = 0. Now, suppose that F is torsion-free. If F is not reflexive, then the cokernel G of F → F ∨∨ is a non-zero coherent sheaf on X. Since all torsion-free sheaves on a normal scheme are locally free in codimension 1, it follows that the support of G is a closed substack Z codimension at least 2. The long exact sequence in local cohomology yields
(F) 0. Now, it follows by applying p * that F is not reflexive.
Reflexivity on gerbes
We specialize to the case that X → X is an A-gerbe where A is a smooth affine commutative group scheme, and we fix a character χ : A → G m . In particular, the natural map A) is an isomorphism. It follows that there is anétale cover U → X and a section p : U → X, which is a smooth atlas. Recall that when X → X has a section, there is non-canonical equivalence X ≃ BA, and BA [X/A]. Assumption 3.1. In this section X = Spec R is a normal integral noetherian affine scheme, I ⊆ R is a proper ideal, and X → X is an A-gerbe where A is a smooth affine commutative group scheme with a fixed character χ : A → G m .
In this case an A-gerbe X → X as above is a normal integral locally noetherian algebraic stack. The abelian category QCoh(X fppf ) is R-linear, so we can give an alternate definition of depth in this case, which we show reduces to the definition in the previous section.
Definition 3.2.
1. We say that r ∈ I is a non-zero divisor on
3. An F-regular sequence in I is a sequence of elements x 1 , . . . , x d of I such that
4. The I-depth of F is the maximal length of an F-regular sequence in I; we denote this integer by depth I F.
Note that since R is integral, the definition of torsion-free given here is equivalent to the more standard definition that asks for the stalks F x to be torsion-free O X,x -modules for all points x of X.
The next lemma is an exact analogue of a standard fact about modules over commutative rings. 
Lemma 3.3. If r ∈ I is a non-zero divisor on F, then depth

Lemma 3.4. Suppose that U = Spec S → X is anétale cover with a section p
Proof. Since depth Z F is computed using the local cohomology sheaves, and as p is faithfully flat, it follows that depth Z F = depth IS p * F. So, we will prove by induction on d = depth I F that depth I F = depth IS p * F. If d = 0, so that F is I-torsion, we have that H 0 I (F) → F is an isomorphism. But, then by faithful flatness, we have that
That is, depth IS p * F = 0. So, assume that the lemma is true for all coherent sheaves on X with depth at most d, and assume that depth I F = d + 1. Let r be a non-zero divisor on F in I. Then, depth I F/r = depth IS p * (F/r) = depth IS (p * F)/r. The lemma now follows from the fact that depth I F = 1 + depth I F/r and depth IS (p * F)/r = 1 + depth IS p * F.
Putting this all together, we prove the following proposition. Proof. The necessity follows immediately from Lemma 3.4 since p * F is reflexive for any smooth atlas p : U = Spec S → X. Suppose that F is torsion-free and depth P F ≥ 2 for all primes P with ht P ≥ 2. We let G be the cokernel of the injective map F → F ∨∨ ; it is another χ-twisted coherent sheaf, and G has support consisting of primes of height at least 2. For these primes P, we can use the faithful flatness of R P → S PS to argue that H 1 P (F) 0. Indeed, S PS is a semi-local ring faithfully flat andétale over R P . As G P 0, it follows that q * G P is non-zero, where q : X S → X. But, the section p : U → X induces a map r : U → X S that induces an equivalence r * : QCoh χ (X S ) → QCoh(U). Since p = r • q, it follows that p * G P is a non-zero coherent sheaf on S PS . Therefore, for some maximal ideal Q of S PS , which necessarily satisfies ht Q ≥ 2 by the going-down theorem for flat extensions [9, Theorem 9.5], we have (p * G P ) Q 0. Hence, F is not reflexive, by Proposition 2.12.
Using the proposition, we can prove a twisted form of the Auslander-Buchsbaum formula. Definition 3.6. Let X = Spec R be an affine scheme, X → X an A-gerbe where A is a smooth affine X-group scheme, and χ : A → G m a character. Then, a χ-twisted quasicoherent sheaf F has homological dimension ≤ n if Ext i (F, G) = 0 for all i > n and all quasi-coherent χ-twisted sheaves G. Write hdim F for the homological dimension of F, the smallest n such that F has homological dimension ≤ n. Proof. This follows immediately by using anétale splitting Spec S → Spec R for the gerbe X. All three numbers are stable under faithfully flatétale maps, and over Spec S there is an equivalence of categories QCoh χ (X S ) QCoh(Spec S ).
The proof
We prove the main theorem of the paper.
Proof of Theorem 0.1. By Yu's result, any order on X is contained in a maximal order. By assumption, there exists a regular point p of codimension ≥ 3. Therefore, if we construct a non-Azumaya maximal order in A over Spec O X,p and extend it to X, it is contained in a maximal order that is not Azumaya at p. Thus, we now assume that X = Spec R is a regular local ring of dimension at least 3 with field of fractions K and that A is a central simple algebra with unramified Brauer class α ∈ Br(X) ⊆ Br(K). We distinguish two cases. If α = 0 in Br(K), then we need to construct a nonAzumaya maximal order in the matrix algebras M n (K) for n > 1. If R is exactly 3-dimensional, then the first syzygy of a minimal free resolution of R/M, where M is the maximal ideal, is a non-locally free reflexive R-module of rank 2. If R is of dimension more than 3, then one can extend a syzygy such as the one above from a 3-dimensional localization. The upshot is that if R is a regular local ring of dimension at least 3, then there are reflexive but not locally free R-modules of any rank more than 1. Taking the endomorphisms of these we gain non-Azumaya maximal orders in M n (K) for all n > 1 by [2, Theorem 4.4] using the fact that the Azumaya locus of a maximal order in an unramified central simple algebra is the locally free locus [3, Theorem 2.1, Proposition 4.6].
If α ∈ Br(K) is non-zero, then by Wedderburn's theorem we can assume that A is a division algebra of degree at least 2. Indeed, given a non-Azumaya maximal order A in a division algebra A, M n (A) is a non-Azumaya maximal order in M n (A). Wedderburn's theorem tells us that we can assume that A is a division algebra. Moreover, by work of Panin on purity [10] , we know that there is an Azumaya maximal order A in A over X.
Let g : X → X be a G m -gerbe with obstruction class α (for background on G mgerbes and X-twisted sheaves, see Lieblich [8] ). It is the gerbe of trivializations of A. There is a locally free X-twisted sheaf F such that End(F) g * A. We will construct a non-locally free X-twisted sheaf E of the same rank as F. Consider elements f, g ∈ A, and assume that they are not both zero. We define E as the cokernel
Since f, g are not both zero, and since A is a division ring, the map F → F 2 is injective. Now, we search for satisfiable conditions on the pair f, g that ensures that E is reflexive but not locally free. The latter is easy: it suffices to assume that we cannot solve a f + bg = 1 for a, b in A. In other words, since A is a division algebra, we assume that ( f, g) is contained in the maximal ideal MA. In this case, E has homological dimension 1.
Now, E is torsion-free if and only if the two-sided ideal ( f, g) is not contained in PA for any height 1 prime P of R. To prove this, note that by the snake lemma there is an exact sequence 0 → ker(r :
for any r ∈ R. Thus, if ( f, g) ⊆ (r), the kernel is non-zero. On the other hand, if ( f, g) is not contained in (r) for some irreducible r, then, say, f is a non-zero section of A/(r), and it follows that ker(r : E → E) = 0 since the reduced norm Nrd( f ) does not vanish identically along Spec R/r ⊆ X. Finally, suppose that ht P ≥ 2. We must ensure that depth P E P ≥ 2. If ht P > 2, then this holds by the twisted Auslander-Buchschbaum formula of Theorem 3.7 since hdim E P ≤ 1. In other words, we must ensure that E P is locally free for all height 2 primes P. This occurs if and only if ( f, g) is not contained in PA for a height 2 prime of R. In other words, at least one of f or g needs to be a unit in A P for all height 2 primes P.
As deg(A) ≥ 2, there are two non-commuting units x, y of A. Let t 1 , t 2 , t 3 be elements of R such that I = (t 1 , t 2 , t 3 ) has codimension at least 3. Then for f = t 1 x + t 2 and g = t 3 y, the X-twisted sheaf E defined in (1) is reflexive and not locally free. The maximal order End(E) is then non-Azumaya. Indeed, we can take anétale cover Y → X which splits α. Then f
Since f is faithfully flat, f * E is reflexive (or locally free) if and only if E is too. Since α is trivial on Y, there is an α −1 -twisted line bundle L such that tensoring by this line bundle gives an equivalence of categories Coh
, the latter is not locally free, since f * E ⊗ L is reflexive but not locally free. Hence End X (E) is not locally free.
The underlying reason for our ability to construct these examples is that the vanishing locus of a non-central section x of an Azumaya algebra A can be smaller than a hypersurface. For instance, in the notation above, the vanishing locus of f has codimension 2.
Surfaces
Now we prove our converse to the result of Auslander and Goldman on maximal orders on regular surfaces.
Proof of Theorem 0.3. Assume that X is regular. Any maximal order A is reflexive, hence is locally free since X is regular of dimension 2. Therefore, A is Azumaya exactly where it is unramified by [3, Proposition 4.6] .
Assume that X is not regular, we will construct a non-Azumaya maximal order in an unramified central simple algebra. To begin, we can assume that X = Spec R, where R is a 2-dimensional noetherian local domain.
If R is not normal, let R → S be the integral closure of R in K. Then, S is a maximal order in K over Spec R. As normalization is never flat if it is non-trivial, it follows that S is not locally free over Spec R, and hence not Azumaya. Now, assume that R is in addition normal. Since dim X = 2, we can assume X has isolated singularities so the singular locus of X is the closed point. By a theorem of Buchweitz [4] , we have D sg (X) MCM(R). The triangulated category D sg (X) is the Verdier quotient D b (Coh(X))/Perf(X) where Perf(X) is the full subcategory of perfect complexes. Hence D sg (X) is trivial if and only if X is regular. The category MCM(R) is a triangulated category whose objects are maximal Cohen-Macaulay R-modules and morphisms are R-module morphisms modulo those which factor through a projective module. Since R is not regular, there exists a non-projective maximal Cohen-Macaulay R-module M. Let A = End R (M). Now dim X = 2, so M is reflexive as an R-module. By [2, Proposition 4.1], A is reflexive. Moreover, M is locally free in codimension 1, hence A is maximal in codimension 1. So A is a maximal order. The order A is in End K (V, V) where V = M ⊗ R K, and hence is unramified.
The maximal order A might be Azumaya. To produce a maximal order which is not Azumaya, consider the order 
